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Convergence and smoothness analysis
of subdivision rules in Riemannian and
symmetric spaces

Abstract After a discussion on definability of invariant subdivision rules
we discuss rules for sequential data living in Riemannian manifolds and in
symmetric spaces, having in mind the space of positive definite matrices
as a major example. We show that subdivision rules defined with intrinsic
means in Cartan-Hadamard manifolds converge for all input data, which
is a much stronger result than those usually available for manifold subdi-
vision rules. We also show weaker convergence results which are true in
general but apply only to dense enough input data. Finally we discuss C'
and C? smoothness of limit curves.

1 Introduction

Several subdivision rules for manifold-valued data have been proposed
and successfully analyzed in recent years. Intrinsic constructions work by
replacing certain elementary constructions which apply to vector space
data by analogous ones which operate on manifold data. Examples of
operations thus modified are binary affine averages [11,15], or point-vector
addition [13,4]. Other, extrinsic methods perform linear subdivision and
add a projection afterwards [15,16]. The present paper is concerned with
intrinsic subdivision rules and their properties. In particular, we discuss
the following:

— Geometries which can possibly support meaningful subdivision (in the
sense of invariance with respect to a defining transformation group);
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- Subdivision defined by the Riemannian center of mass (intrinsic mean)
in Riemannian and symmetric spaces, and also log/exp subdivision in
such spaces;

- Situations where convergence occurs for all input data (namely in
Cartan-Hadamard manifolds for positive mask).

— Convergence analysis which applies to ‘dense enough’ input data, and
further, C! and C? smoothness analysis of limit curves, provided they
exist. These results are of the kind which have been obtained before.

- Discussion of subdivision in the set of positive definite symmetric ma-
trices, this data type being relevant for example for the processing of
diffusion tensor images.

We restrict ourselves to univariate subdivision rules defined by
p= (pi)iEZ E Sp = (Spl'),'ez where SPZ = ZjEZ ai-NjPj- (1)

Here N € {2,3,...} is the dilation factor of the rule, and the mask (a;) jcz has
only finitely many nonzero coefficients. We require the affine invariance of
the subdivision rule, which means Y jAi-Nj = 1 for all i. This implies that S
has a derived rule S* with S*A = NAS, where Ap; = piz1 — pi.

Meaningful geometric constructions

Like any other construction, subdivision in a certain geometry should be
meaningful, which means being invariant with respect to the transforma-
tions which are constitutive to that geometry. For example, a subdivision
rule T for points p; on the unit sphere should be invariant with respect to
any rotation g in the sense that T(gop) = goTp. Likewise, a subdivision rule
for straight lines in space should be invariant with respect to the Euclidean
motion group SEs.

Even simple concepts like the midpoint of two geometric entities are
sometimes not invariantly definable. An example of this behaviour is fur-
nished by the projective space IRP”, where any triple x, y, m of collinear
points can be mapped into any other triple x’, y’, m’ of collinear points by
a projective transformation. The same is true for triples of non-collinear
points. It follows that there exists no concept of midpoint in projective space
in the sense of a function m(x, y) such that for all projective transformations
g, we have g(m(x, y)) = m(g(x), g(v)). The following paragraph shows that
computing midpoints is actually a special case of subdivision, and so we
conclude that such projective spaces do not admit invariant subdivision
rules.

For computing midpoints via subdivision, consider special input data p;
withp; = xfori < 0and p; = yfori > 0. Lettinga = £(...,0,1,4,6,4,1,0,...)
in Equ. (1) results in the well known cubic Lane-Riesenfeld subdivision rule

1,3 1 1,3 1 1 1
Spai = E(Zpi + Zpi—l) + E(Zpi + me), Spaiv1 = Pi + FPis1- (2



Apparently Sp; = x;—y, so no invariant analogue of the cubic Lane-Riesen-
feld rule exists in projective spaces. An analogous argument applies to
other weighted averages and appropriate subdivision rules.

2 Geometric constructions in symmetric paces
2.1 Homogeneous spaces

The geometries which fit Felix Klein’s Erlangen program are characterized
by the action of a transformation group on them. They can be formally de-
scribed by the concept of homogeneous space. We first discuss this in general
and then specialize to the case of symmetric spaces. The latter turn out to
possess just the right number of degrees of freedom in their transformation
groups to make subdivision rules definable. For the reader’s convenience
we illustrate the abstract definitions which follow below by the example
Pos,,.

Assume that the group G acts on on the set X as a transformation group:
for any g € G, the mapping x + g o x maps X into X such thateox = x and
(gh) ox = go(hox)). We further require that for given x and y there is some
g with g o x = y. We choose a base point b and identify a point x € X with
the set of transformations which map the base to x: This means that with
7(g) = g o b, x is identified with 7~1x. Obviously t~'x is a set of type ¢ - K,
where g is any element of 7~'x and K consists of those g € G with gob = b.
We can therefore use the notation G/K = {gK | g € G} instead of X. If now
a point of X is written as “gK”, then g o hK = (gh)K.

Example 1 Pos, is defined as the set of positive definite symmetric n X n
matrices. The group GL, acts on X via g o x = gxg’. We choose the unit
matrix as a base point, and so K = O, and 7nt(g) = g¢’. Identifying a matrix
x € Pos, with the set of ¢ € GL, such that g¢¢’ = x, we have Pos, = GL,/O,.

We consider only the case that G is a Lie group, K is a Lie subgroup, and
X is a smooth manifold. The Lie algebras of G, K are denoted by g, f,
respectively. As "le = K, the kernel of the differential dr, equals t.

Example 2 Continuing Example 1, we get g = gl,, (the Lie algebra of n x n
matrices) and t = so,,, which is the Lie algebra of skew-symmetric matrices.

2.2 Symmetric Spaces

The theory of symmetric spaces is very extensive (see for instance the classic
[5]). For our purposes global properties of the space are not important, so
we consider what Section IX.2 of [8] calls the infinitesimal version of a
symmetric space. We call a homogeneous space symmetric, if and only if
t occurs as the +1 eigenspace of a reflection s : ¢ — g which is also a Lie
algebra automorphism — this means that s> = id and s([v, w]) = [s(v), s(w)]
for all v, w. The —1 eigenspace of s is denoted by s.



Remark 1 This definition is more general than the more common definition
which requires that K is (an open subgroup of) the fixed point set of a Lie
group automorphism ¢ : G — G with the property o2 = id, the reflection s
being the differential of . If G is simply connected, these notions coincide,
as for any s we can find an appropriate ¢ whose differential is s.

Example 3 We see that s(v) = —oT makes Pos, a symmetric space, because
s(vw — wo) = s(v)s(w) — s(w)s(v), and the +1 eigenspace of s equals t = so,,.
The —1 eigenspace is s = Sym,, (i.e., the space of symmetric 7 X n matrices).
Apparently, the mapping o(g) := (¢71)T is an automorphism of the group
GL, which has O, as its fixed point set. It further obeys % = id and do = s.
Thus, Pos,, is a symmetric space not only in the infinitesimal sense, but also
in the narrower sense.

A transformation x — g o x does not only map points, but also tangent
vectors, via its differential: If x(f) is a curve with %x(O) = v, we denote

the derivative %(g o x(t))li=0 by the symbol g o v. We would also like to
represent tangent vectors of X in terms of the groups G,K: As s and f
are complementary subspaces, the restriction of the differential dr, to the
subspace s is 1-1 and onto. We can therefore uniquely represent a tangent
vector v attached to the base point by a vector 7 € s.

Example 4 In the setting of Example 1, the assumption y(t) = g o x(t) =
gx(hg” with x = v implies that % = g7 je, gov = gug’. As to
representing tangent vectors of Pos,, we first consider the differential of
the projection: The computation % | t:On(e+ t9) = 0+ 0" implies that dr, () =
7+0T. The tangent vector space of Pos, at e (and indeed in any point) equals
Sym, . Obviously v € Sym,, is represented by & = v/2 € Sym, , because then
dm,.(0) = v.

We consider symmetric spaces for two reasons: One is that geometric con-
structions relevant to subdivision processes can be consistently defined in
them. Another reason is that several prominent geometries fall into this
category — we have already encountered Pos,. Others are the sets of unit
vectors of R"! (leading to S" = O,,41/Oy), or the set of d-dimensional linear
subspaces of R" (which is called the Grassmannian G ).

2.3 The exponential mapping.

For the purpose of transferring the definition of subdivision rules from
Euclidean space to a more general setting, operations v = y©xand y = x®v
which are analogous to the difference vector of points and the sum of point
and vector are very useful [13]. We describe how to invariantly define such
operations in Riemannian manifolds and in symmetric spaces by means of
the exponential mapping .

This concept has already been employed for the purpose of subdivision
in Lie groups, where it makes sense to let y © x = log(x'y) and x ® v =



xexp(v), where exp is the exponential mapping in the group [13,2,4,18].
In Riemannian geometry a similar construction is x ® v := exp,(v) and
y©x = exp; ' (y). Here exp, (v) is the exponential mapping which follows
the geodesic line emanating from x in direction v for the amount of arc
length given by [[v]|.

The case of symmetric spaces is similar to the Riemannian case. Most
symmetric spaces which occur in the literature also have a Riemannian
exponential mapping, coinciding with the one defined below. There are,
however, symmetric spaces which do not admit an invariant Riemannian
metric, not even a pseudo-Riemannian metric. Examples are furnished by
the symmetric space of d-dimensional affine subspaces of R", if d # 0 and
(d,n) #(1,3).

We define:

Definition 1 Assume that in the symmetric space X = G/K a vector v is attached
to the base point b, and w = g o v is attached to x = go b. If 0 € s represents v,
then Exp.(w) = Exp,,,(§ 0 v) := gexp(?) o b.

The choice of g such that g o b = x is not unique, but it is well known
that Exp (w) does not depend on this choice.! Note that Exp is an invari-
ant mapping which means that for any transformation ¢ € G, we have

Engox(ge w) = g ° Expx(w)

Example 5 We want to compute Exp,(w) in the space Pos, = GL,/O,. We
first find g € GL, such that ¢ o b = x. This is done by letting ¢ = x!/2, itself
contained in Pos,. Solving for v such that gov = wresults inv = x /2wx~1/2,
which in s is represented by ¥ = 0. We evaluate Exp, (w) = gexp(v) o b =
g exp(?)?g and observe that exp(aba~') = a(exp b)a~!. This yields

Exp, (w) = x'? exp(x™Pwx™)x'? = xexp(x'w).
With the exponential mapping we can now define @ and © by letting
x®w =Exp,(w), yox= Exp;l(y). 3)

While @ is globally defined, this is generally not the case for © (but see the
remarks on well-definedness below). The following is well known [5]:

Lemma 2 The differential of the mapping v — x ®v at v = 0 equals the identity.

Example 6 In Pos,, © is globally defined, because Example 5 implies y © x
= x12 log(x~1/2 y x™1/2) x1/2, and log |pes, is well defined.

! The following proof is similar to the proof in [5, p. 209f]: By construction, k € K
implies that nt(kgk™) = n(kg) = k o m(g), and so by a limit g(t) — e with dg/dt = v we
have dn(Adxv) = kedn(v). If v € s = T, X, we can even write Ad,v = ko v. Now we
consider two group elements g, i € G which transform the base point to the point x under
consideration and construct Exp, (tw) in two ways:x = gob=hob = k:= lgekK;
w = gou = hovforu,v € s = v=kou = Adi(u) = hoExp,(tv) = n(hexp(t Adyu)) =
ni(gk 'k exp(tu)) = g o Exp, (tu). Here we have used that exp(Ady v) = k(exp v)k L.



2.4 Weighted binary averages.

The binary average defined by
g-av,(x,y) =x®a(yox) 4)

is analogous to the affine average (1—-a)x+ay = x+a(y —x). In Riemannian
and in symmetric spaces, the curves f — x @ (tv) are called geodesics. Thus
this average should be called the geodesic average, as it lies on a geodesic
which connects x, y. The relations g-av,(x, y) = g-av,_,(y, x), g-av, /z(x, y) =
g-avy (v, x) follow from well known properties of Exp (see [5]).

Example 7 In Pos,, the geodesic average is expressed as g-av,(x,y) = x -
exp(alog(x'y)) = x - (x'y)~.

2.5 Intrinsic means.

The weighted mean x* = Y a,x; of points x; € R? with weights aj summing
up to 1 is quite obviously characterized as a minimizer:

Vfa(x*) = 0 where f,(x) = Z:;l @; dist(x]-,x)z. 5)

Further, if for a moment we adopt the notation x © y for the ordinary
difference x — y, x* is also uniqely characterized by the balance condition

2 = mean((xy, a1), ..., (Xn, ay)) & Z]”,zl ajxjex)=0.  (6)

Equations (5) and (6) have a meaning in Riemannian geometry, too. It is
known that x*, if defined by either equation, exists uniquely if we restrict
ourselves to data which lie in small sets, and that then (5), (6) are equivalent
(see [6,7] for more details). Globally however, x* is in general not unique.

In any geometry where ©is defined, (6) makes sense, and we would like
to call any point x* defined by (6) the weighted intrinsic mean. Its computation
is usually possible only numerically. For two points (n = 2), the intrinsic
mean reduces to the previously defined binary average.

2.6 Well-definedness of geometric constructions

If a geometric construction of Euclidean space is extended to a more gen-
eral setting, it frequently turns out to be no longer globally defined. For
example, the geodesic midpoint in surfaces might not exist (for incomplete
surfaces), or might not exist uniquely (for example for antipodes on the
sphere). The same is true for the more general intrinsic mean construction.

For this reason, general statements on existence, convergence, etc. of
subdivision rules in nonlinear geometries can be true only for dense enough
input data (see for instance the discussion in the first paper on this subject,
namely [15]). In some geometries relevant to applications we can be more



specific, and © may even be globally well defined. This is the case of the
space Pos,, as seen from Example 6. The well-definedness of the intrinsic
mean is the subject of Section 4.

3 Defining subdivision in Riemannian and symmetric spaces

One way to transfer the definition of a linear subdivision rule S as given
by (1) to a more general setting is to rewrite it in the form

SpNisk = Z]’ez ArsNG—jPj = Mik + ZjeZ arsNG-j(Pj — Mik), )

where m; ;. are arbitrary except for Ni + k = Ni’ + k' = m; = my . We
now replace every occurrence of + and — by the operators @ and ©:

TonNivk = M ® Z]’ez aesNG-p(pj©mix) (k=0,...,N—-1). (8)

This rule (the log-exponential analogue of S) operates on sequences of input
data which live in a Lie group, in a symmetric space or in a Riemannian
manifold. It was essentially first considered by D. Donoho (see also [13]). As
to the choice of the points m; ;, we could let m;; = p; orm; . = g-av, /z(Pir Pis1)-
Smoothness of such rules in Lie group rules is analyzed for instance by [4,
18].

Using the intrinsic mean, we can directly convert Equation (1) into an
invariant subdivision rule. We use one of the two equivalent definitions

Tpi = mean((pj, ai-nj)jez), or Tpnirk = mean((p;, ani+k-Nj))- 9)

We call T the i-mean analogue of the linear rule S. Interestingly, (9) becomes
a special case of (8), if we choose m;x = mean((p;, ani+r-n;)), since then the
expression Y, arsn—j)(p; © mix) in (8) equals 0.

Any convergent linear rule (which in generally accepted usage does
not include the trivially convergent ones with spectral radius less than
one) consists of affine combinations and can be expressed in terms of
binary affine averages [15]. Sometimes this expression is very symmetric
and thus a candidate for replacing affine averages by geodesic averages.
For instance, a geodesic analogue of the Lane-Riesenfeld rule of Equation (2)
reads

Tpoi = g-avy (g'aV%(Pi/Pi—l)/ g'aV%(Pi, Pi+1)), Tpois1 = g'aV%(Pi/ Pist)-

4 Global convergence analysis

In general, convergence statements for nonlinear subdivision rules are only
possible for dense enough input data. Special geometries, however, allow
us to give more precise statements. We postpone the general case to the next
section and concentrate on Cartan-Hadamard (CH) manifolds, which are
defined by two conditions: (i) the sectional curvature is nonpositive and



(ii) simple connectedness. The space Pos,, which from the viewpoint of
differential geometry is studied in chapter XII of [9], is our major exampe.
The intrinsic mean defined by (6) is unique in CH manifolds, as shown by
Th. 9.1 in Ch. 8 of [8].

Lemma 3 Consider a CH manifold M and points x1,...,x, € M. Define the
intrinsic mean x* by nonnegative weights (aj);=1 with Y aj = 1. Similarly x™ is
defined by weights ;. Then the Riemannian distance of x*, X obeys

dist(x*, x™) < Z loj — 7| - max dist(xy, xx41), withoj = Z @i, Tj = Z Bi.
; 1<k<r i< iz
Proof We consider ¢ as a function ¢ : {1,...,7} = R and define o~!(f) =

sup{j | 0; < t}. By construction, 0~ maps a subinterval of length «; of [0, 1]
to theindex j, forall j € {1,...,r}. Thus the function f,(x) of Equ. (5) equals

fa(x) = Z a; dist(x;, x)? = f dist(ngl(t),x)z dt.
[01]

Analogously we convert f; into an integral. This notation for f, and f; is
the one of [6]. Theorem 1.5.1 and the proof of Cor. 1.6 of that paper show
that

dist(x", x™) < f 1 exp;1 (x51¢p) = exp;*1 (1)l dt.
[01]
The exponential mapping does not decrease distances in CH manifolds, so
dist(x", x™) < f dist(xy1(p), X71¢) dt < sup ; dist(x;, xj41) - f o™ =71
[0 [0,

The latter integral obviously equals }_ |0 — 7/|, so the proof is complete. O

Proposition 4 Suppose that T is the i-mean analogue in a CH manifold of the
linear rule S with dilation factor N and nonnegative mask coefficients a;. Let

» _ _ 1) _ ()
o = Zigj G-Ni, [ = MaXo<r<N Z]. o/ =0l (10

If u <1, then T converges to a continuous limit T*p for all input data p.

Proof Each point T¥p; is the intrinsic mean of points T !p; with weights
a;j-ni. As only finitely many coefficients of the mask are nonzero, it therefore

lies in the geodesic convex hull C; of a fixed number of data points T p;.
By Lemma 3,
dist(T*pi1, T'pi) < p* sup; dist(pj, pjs1)-

It follows that the diameter of C; x is contracting with pi*. We now interpolate
the vertices T"p; by a broken geodesic ¢® : R — M, where ¢®|j;n 1131
is the geodesic spanned by T*p; and T¥p;,1. Contraction of C;; implies that
for any interval I = [a,b], (c(k)( k=0 is a Cauchy sequence in C(I, M), when
equipped with the metric dist(c,d) = maxe(dist(c(t), d(¢)). This metric is
complete, so T*p exists. O



Theorem 5 Let T be the i-mean analogue in a CH manifold of the linear rule S
with dilation factor N. If the derived scheme S* obeys ||S*|| < N, then T converges
to a continuous limit T®p for all input data p.

Proof Consider special input data q : Z — R with q; = -1 for j < 0 and
g; = 0 otherwise. Denote the mask of the derived scheme by (a;) jez- Then

1 1
N@ = NS*AQI =ASq1 = Sq1:1 = Sq1 = sto(—ﬂm—wk + a1-Nk)

1 *
= Nar—Nj = sto(ar—N(]#k) - ﬂr+1—N(j+k)) = Zisj(ﬂr—m — Ar41-Ni)-

_ oM _ D)

In the terminology of Prop. 4, we have shown that I%,a:_Nj ; ;

Thus

»_ o _ 1 N
sup, ), lo) ~of*V = Tsup, ) lap_yl = SISl

We can thus directly apply Prop. 4, and the proof is complete. O

The condition that [|S*|| < N is rather weak. It is one of the easily checked
sufficient conditions which ensure convergence of a linear scheme. It is very
satisfactory that it occurs as a sufficient condition also in the nonlinear case.

Example 8 The i-mean analogue of all binary Lane-Riesenfeld subdivision
schemes, starting with the piecewise linear one, converge for arbitrary
input data in Pos,, since we have ||S*]| = 1 throughout.

5 C! smoothness analysis

In our analysis of subdivision rules in general Riemannian manifolds and
symmetric spaces we invoke the general results presented in [15,14] and
which give convergence only for dense enough input data. For both rules
S, T, computing the i-th new data point is a function of v of old data
points, v being globally bounded by the distribution of nonzero coefficients
in the mask (a;) of S. These two facts mean that the following theorems
and their proofs are entirely local. Thus, we employ a local coordinate
chart y : X — R" for the manifold X under consideration and denote the
coordinate representations of ®,T,... by &,T,..., respectively. Another

consequence of v being bounded is that T has Taylor polynomials in the
ordinary sense. The results is as follos:

Theorem 6 Assume that the rule S with dilation factor N is defined by (1), and
that T is its geodesic analogue or log-exp analogue (in which case assume that the
auxiliary points m; are chosen such that m; — p; as input data approach each
other). If S is a convergent scheme, then T is convergent for dense enough input
data. If in addition the derived scheme S* is a convergent scheme (so S has C
limits), then also the limits of the nonlinear rule T enjoy C* smoothness.
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Note that Theorem 6 applies to the i-mean analogue of a linear rule,
because it can be seen as a special case of the log-exp construction.

Proof Below we establish that the proximity inequality ITx — Sl < const -
|Ax]l holds for dense enough input data. By [14, Lemma 3] this remains
true if S, T are replaced by iterates S, T¥, respectively. Convergence to a
continuous limit now follows from [15, Th. 3] applied to some iterate S,
T* such that ||S*/N¥|| < 1. Likewise, C' smoothness follows from [15, Th. 5]
applied to Sk Tk such that ||S* /N¥|| < 1/N¥/2. Such k exists by [1, Lemma 1].

As to the proximity inequality, Lemma 2 implies the Taylor lineariza-
tionsx®v=x+vasv — Oandyex—y x as y — x. We now aim at the
first order Taylor polynomial of T(p), as input data p; approach a constant
sequence. As m; tends to that same sequence, the vectors p;©m;  in (8) ap-
proach zero. Itis therefore clear that the Taylor polynomial equals the linear
rule S. It follows that Tx; = Sx; +O(||x;— xjl?),ie., I Tx;—Sxil| < C-sup [|Axi|-

Note that the previous arguments includes the i-mean analogue. A
similar argument is true if T is an analogue of S constructed from bi-
nary averages: The linearization g-av,(x,y) = (1 — t)x + ty for y — x im-
plies llg-av,(x, y) — (1 — t)x — tyll < C’|lx — ylI*. By iteration, ITx;: — Sxil| <
C”sup |lAx|?. O

6 C? smoothness analysis

We give conditions which ensure that the limit curves of subdivision rules
in Riemannian and symmetric spaces enjoy C?> smoothness, provided they
exist. The proofs given here are similar to others which deal with Lie group
data (cf. [4]). The recent manuscript [17] which shows general Ck smothness
of a wide class of schemes does not cover the more general statement of
our Theorem 7 (see Remark 2 below). In our method of proof, we follow
[4]. The general result is as follows:

Theorem 7 Consider the linear subdivision rule S and its log-exponential ana-
logue T defined by (8), including the i-mean analogue (9) as a special case. If S,
S*, and S** are convergent schemes, then T's limits enjoy C? smoothness whenever
they exist.

Before we proceed with the proof we give some auxiliary results.

Lemma 8 The composite operation (x & v ® w) © x has the second order Taylor
polynomial v + w + W, (v, w) with bilinear Wy, as v,w — 0.

Proof By Lemma 2, (x v ® w) © x = v + w and therefore (x v ® w) S x =
v+ w + (v, w), where ¢, : R*" — R™ is homogeneous quadratic, having
the general form

Vx(v, W) = W1x(v, V) + wWar(w, w) + Wi (v, w)

wiih bilineir W1x, W, arld V.. Now (x ) 0) ox = (x & V) ©x = vand
x®0dw)ox=(xdw)ex=wimply wix(v,v) =0, wx(w,w) =0. O
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In the Lie group case, the expansion given of Lemma 8 reads log(exp v -
expw) = v+w+ 1[v, w]. This similarity allows us to follow closely the proof

of C? smoothness in [4]. The following lemma has been shown in more
generality by [3]:

Lemma 9 Assume that p : VXV — V is bilinear, and F : VZ — V takes
sequences as arguments, mapping them to Y, A, sp(vy, vs), with only finitely many
matrices A, s being nonzero. Then F can be rewritten in the form

F(Uj) = erez(ar,sﬁ(vrr AZUS) + br,s,B(AZUr/ Us),

if and only if the generating Laurent polynomial A(E, 1) := ¥, scz Ars&'1° has the
properties
0A 0A A
A(lr 1) - %(1/ 1) - a_rl(ll 1) - m(ll 1) =0.

Proof (of Theorem 7) As before, we use a tilde to indicate coordinate repre-
sentations and let subdivision rules S and T act on data x; living in R"”. We
introduce vi. =X =) m;x, where m; . is the coordinate representation of the
point m; of (8) (itself data dependent). With (T — S)xnisk = Fix we have

— B i = = _=
Fig:=m; & ZjﬂNi—k—vai,k —Mif — Z],ﬂNi+k—Nj(mi,k S v — Mik).

Obviously, F; =0, as as U{ — 0. Aiming at a 2nd order Taylor polynomial
of A(T — S)xni+k, we introduce x dov= X+v+ O+(v,v), (with ¢, bilinear and

=: v/ depend on k, then

. . -~ .= ]
symmetric). If neither m;; =: m; nor ("

AT = S)xnisk = Fixr1 —Fi = ¢ﬁ,(2jaNi+k+1—val]-/ ")
- ¢"7f(ZjaNi+k_vaz]" "y - Z], AaNi+k—Nj¢ﬁi(UZ]-/ Z)Z) (11)

This computation is valid only for k € {0, ..., N —1}. The following compu-
tation, with deals with the general case m;y # 1, x41, also includes the case
k=N -1, by letting m;,10 = m;n.
Let w;; = m; 41 © m; and use Lemma 8 to compute
Xj= n?i,k D ’(’)l].,k = ﬁi,kﬂ D Ulj',k+1 = 7711*,1( WD v?,m
= ﬁi,k © (wi,k + v{,k+1 + Ip”ﬁi,k (wi,k/ vzj‘,k+1))

= 0

P j (. 7
=wik + 0y + Vi, Wik, vy )

k
Letting u;; = ), aN(Hl)_vai b1” this formula implies

Uik = Z]. anG+)-Nj (0], = Wik = Vi, Wik, 0] 1))

- , I N | /Ay . -]
—Z}.HN(;H)—N]Uik Wik Wm,-,k(wz,k,Z].DZN(Hl)—N]U,«,kH)-
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Note that the last term equals V5

Wik, wik). We continue with

TxNi+k+1 = Mif @ Wik © Uik = M @ (Wik + Uik + Vi, (Wik, Uik))

= Mg + Wik + uix + Vg, Wik, wix) + O, Wik + ik, )
LAt j

=My + Z NG+ D)-NfO + G, Wik + uig, )

=M+ Z]ﬂN(Hl)—NjU,-,k + ¢n7,»yk(2]ﬂN(i+1)—vairk, ).

The w;’s have disappeared and the result is the same as if ;1 = m; —
we get (11) again. In the following therefore without loss of generality we
let mj = m;and v} = vl

Index shifts are irrelevant for the result, so we let i = 0 in what follows.
Expanding (11), using symmetry and bilinearity of ¢y, yields

- roos
Foger = Fox = )| A, (05,0}),  where
Aps = Ar11-Nslr41-Nr — @r-NsAr-Nr for s # 1,

_ 2 2 —
Ay = Ao _Ns — Ans T (@r41-Ns — a,-Ns) fors = 1.

This is analogous to [4, Equ. (13)], where it is also shown that the A,,’s
fulfill the conditions of Lemma 9. We conclude that

Foen = For 2 ) (arsbi, (0, A%05) + byschi (4%0], 27)).

The inequality ||p(v, w)l| < [|@ll - ||o]| - |[w]| for any bilinear function and the
cubic remainder term in the Taylor series now implies the existence of a con-
stant C such that locally [|F;x+1 — Fixll is bounded by C-sup |[0!]| sup IIAZUZTII +
O(3). The first order expansion x & y = x + y shows that ol =X —my =
(i =11) + (Xip1 = X1) + -+ + (%, = X,-1), 50 [[V]]]| < C-sup; [|Axj]| + O(2). The same
argument shows that A%0] = A%x7, so [|A%v]|| < sup ; 1A2x|| + O(2). Summing
up, we have the inequality

IA(S = Tl = sup,ezgeen IFike1 = Fill < C(UIAIP + |A%x]| | Ax]),

as 01], — 0. This is the general proximity condition of [14, Def. 4] which
allows us to invoke [14, Theorem 6]. The required conditions that ||S*|| <
N3 and ||S*||-|IS*|| < N for S or one of its iterates are fulfilled by [1, Lemma
1]. We conclude that limit curves of T enjoy C*> smoothness. O

Remark 2 The recent paper [17] shows C* smoothness for a general class of
manifold subdivision rules with dilation factor N = 2, where the auxiliary
points m; of (8) are themselves chosen by an interpolatory subdivision
rule. It seems obvious from numerical experiments that an arbitrary choice
of auxiliary points m; x destroys any smoothness higher than C2 [17].
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7 Examples

The space Pos, of positive definite symmetric n X n matrices, already dis-
cussed in Examples 1-7, is of interest in vision and data processing, because
Pos,-valued data naturally occur for example in diffusion tensor imaging.
Their ‘geometric’ (i.e., invariant) handling is the topic of several contribu-
tions, for instance [10]. It has various different interpretations, all of which
lead to an exponential mapping. We shall see, however, that in fact all
these different notions coincide, and that for showing properties of sub-
division in Pos,, we can apply Lie group results as well as results for
Cartan-Hadamard manifolds.

7.1 Subdivision in Pos, as a symmetric space.

It is shown in [9, Ch. XII] that Pos, can be equipped with a Riemannian
metric such that it becomes a Cartan-Hadamard manifold whose exponen-
tial mapping coincides with the one defined in Pos, as a symmetric space
by Example 5. We therefore have the following corollary of Theorem 5:

Corollary 10 Let T be the i-mean analogue in Pos, of the linear rule S with
dilation factor N. If the derived scheme S* obeys ||S*|| < N, then T converges to a
continuous limit T*p for all input data p.

In all cases where Theorem 5 applies we can remove the assumption that
the limit T*p exists from the statements of Theorems 6 and 7. The modified
statements are formulated in the corollaries below, which in particular
apply to Pos,,.

Corollary 11 If S has positive mask and T is the i-mean analogue of S in a CH
manifold, then all input data p generate limit curves T®p of C1, provided ||S*|| < N
and S* is a convergent scheme.

Proof Recall that Theorem 6 applies to the i-mean analogue of a linear rule,
because it can be seen as a special case of the log-exp construction, and use
that that [|S*|| < N implies that S is a convergent scheme. 0O

Corollary 12 If S has positive mask and T is the i-mean analogue of S in a CH
manifold, then limit curves T*p enjoy C* smoothness for all input data, provided
ISl < N, and both S*, S™ are convergent schemes.

7.2 Different ways of subdivision in matrix groups.

Before we return to Pos,,, we dicuss a minor point which arises from the fact
that the construction of symmetric spaces G/H, if H is taken as the trivial
group H = {e}, leads back to G itself. It follows that now two different kinds
of log/exp subdivision rules can be defined in the group G: one construction
with applies to groups, and another one which applies to symmetric spaces.
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The symmetric space construction with G = G/{e} leads to (using the
terminology of Section 2) s = id, s = g, and ¥ = 0. This yields the functions

p@v=pexp(p~v)andgop = plog(p~'g).
On the other hand, log-exponential subdivision for Lie groups has

already been studied (see [4]), using the operators p @ v = pexpv and

q6p =log(p™'q). R R

However, itis obvious thatp;®}. ; a;(p;©p:) = pi®L j j(pj©p;), so the log-
exponential analogues of subdivision rules constructed with either method
are the same. We may therefore speak of the log-exponential analogue of a
linear rule S in a group G.

7.3 Subdivision in Pos, as subset of a matrix group.

As Pos, is a subset of the matrix group GL, it is interesting to compare
subdivision rules defined in GL, with subdivision rules of Pos,. By coin-
cidence, the operator & in Pos, reads p @ w = pexp(p~'w) (by Example 5),
which is the same as the ® operator in the symmetric space GL,/{e}. This
fact is stated as follows:

Proposition 13 Assume that T and T’ are the log-exp analogues of a linear
subdivision rule S in the space Pos, and in the group GL,, respectively. Then
T = T’lpos,. This is also true for geodesic analogues.

This result is important because it allows us to transfer known proper-
ties of Lie group subdivision schemes to Pos,. We give only one example
in the form of a corollary of a theorem of [18]:

Corollary 14 If the linear subdivision rule S of Equation (7) is interpolatory with
dilation factor 2 and has Holder smoothness y, then its log/exp analogue in Pos,

defined by Tpy; = piand Tpai1 = pi®), jez M+2(i- »(pj©pi) has the same property.

7.4 Subdivision with linear subspaces.

Here we briefly describe how the Grassmann manifold G4, of d-dimen-
sional linear subspaces of IR” is made a symmetric space and how to find
geodesics. The special orthogonal group SO, is acting on X = G4 ,,, and we
choose as base point the subspace L spanned by the first d canonical basis
vectors. We use block matrix notation and write n X n skew-symmetric

matrices v € sp,, in the form (_ll,lT 5\,), where U € soy and W € sp,,_4. The (in-
finitesimal) rotations which leave the base point invariant are exactly those
which transform both L and L+ within themselves, so f is characterized by
P =0, and the subgroup K is the direct product of rotations within L and
rotations within L*. We can therefore write G;,, = SO,,/SO; X SO,,_.

The_ reﬂgctiqn s deﬁngd by .(_ILJIT 5\/) +i> ( PL% ;5), makes Ga,n @ symmetric
space (infinitesimal version) with +1 eigenspace f and —1 eigenspace s =

{ (_%TPO)}. We observe that with the reflection p;, in the subspace L we have
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s(x) = prxpr. It follows that the involutive automorphism o(x) = pr ox o pg,
of the group SO,,, whose fixed point setis K, has differential s. Consequently
Ga,n is a symmetric space also in the narrower sense.

For a description of geodesics in G4 ,, it is sufficient to consider geodesics
emanating from L. Consider the following special infinitesimal rotation

0, \ .
v= . Od—m diag(a, ..., g—m) e
—diag(a1, ..., 4-m) 0 )
n—2d+m
exp(tv) = diag(cos(ta;)) \ diag(sin(ta;)) o
p - —diag(sin(ta;)) | diag(cos(ta;)) s
n—2d+m

and exp(tv)(L) is a geodesic. The geometric meaning of this is that L un-
dergoes d — m independent rotations in mutually orthogonal planes until
it reaches some space L = exp(tv)(L). These planes are spanned by ON
bases {ey+j, €44} for j=1,...,d —m. Vectors ey, ..., e, span the intersection
LNL, and the remammg 1 — 2d + m basis vectors span the orthogonal
complement (L + L’)* of the spaces of interest. If, for a given subspace L,
we can find a change of coordinates such thate;, ..., ey still span L and L’ is
spanned by the first d columns of the matrix v above, then ¢ = exp(tv)(L) is
a geodesic connecting L with L’. Representing tangent vectors by elements
of swethenhave Lév=L"and L' ©L = .

It is well known how to find these planes and basis vectors: With the or-
thogonal projections p, p’ onto L, L’, consider the mapping pop’|L. Obviously
LNL’is an eigenspace for the eigenvalue 1, and we assume it to be spanned
by ey, ..., en. Each of the remaining eigenvalues cos? aj (j=1,...,d —m)
corresponds to an eigenvector e;,.j of pop”in L.

— In case of cosa; # 0, Gram-Schmidt orthonormalization applied
to eu+j, p'(em+)) yields the basis {ey+j, es+j} of the corresponding plane of
rotation. The angle a; is uniquely determined by the requirement 0 < a; <
7, and it is not difficult to see that even with multiple eigenvalues, v does
not depend on the choice of eigenvector.

— Zero eigenvalues cos a; occur if part of L is orthogonal to L’ (and vice
versa). In this case we choose an appropriate number of basis vectors e,
in the null space L N (L')*, and corresponding basis vectors ey, in L’ N L*.
It is no longer possible to choose v in a both invariant and unique way.

7.5 Subdivision with affine subspaces.

The set Gaff of d-dimensional affine subspaces of R" is acted upon by
the Euchdean motion group SE,. If d # 0 it does not carry an invariant
Riemannian metric, and except for the line space Gaff not even an indefinite

one. The latter’s geodesics have been used for mstance for the design of
freeform ruled surfaces [12].
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We demonstrate why X = G ;f,f is a symmetric space: The group G = SE,,

is a matrix group, consisting of elements ¢ = (! 9), where a € R", and
A € SO,,. Itacts ona point of R" via gox = Ax+a,and go(hox) = (g-h)ox.
The Lie algebra of SE,, is called se,: It consists of (3 3) wherev € R", V € s,
(sv, being the n X n skew-symmetric matrices).

We choose as a base point in X the d-dim. subspace L which contains
0 and is spanned by the first d canonical basis vectors. Its stabilizer K
is generated by translations along K and rotations which leave L (and
L*) invariant. The Lie algebra f consequently is spanned by infinitesimal
translations along L, and infinitesimal rotations within L and L+, which

means that v € L and V in block matrix notation reads V = (_IL,IT 5\,), with

P =0, U € sog, W € s0,_4. Define the reflection s and the subspace s by

0 0 O 0 0 O 0 0 0
(u U Pl u U-P| = s= [0 0 P] )
w-PTW —wPT W w-PTo

Like in the previous section, we consider the reflection p; in the base
subspace. It is easy to see that s is the differential of the involution o(x) =
pr. © x o pr, which is defined in the group SE,,. Therefore, G;/frf = SE, /K is
indeed a symmetric space, both in the infinitesimal and the narrower sense.

For the special case Glafo we describe how to determine the geodesic
which connects lines L1, L,, i.e., how to find v such that L1 ® v = L,. The
geodesic we look for is the curve c(t) = L; & (tv). By invariance with respect
to Euclidean motions we way use a Cartesian coordinate system such that
L, is the x axis, the z axis is the common orthogonal transversal of Ly, L,
and L, contains the point (0,0,4) and is parallel to (cos ¢, sin ¢, 0). Now L,
is the base point, so we only must find (3 8) € ssuch that exp((g 3)) oLy = L,.
The following choice apparently works:

00 00 1 0 00

00-00 0 cos(td) —sin(tp) 0
exp (t- 0¢ (go )= Osin(ti) cos(tg)o :

a0 00 a 0 01

This yields the result that in line space, the geodesic which connects two
given lines corresponds to a helical motion whose axis is the common
transversal of the given lines. For general values of d, n the construction is
similar and leads to a combination of translations and rotations in mutually
orthogonal planes like in Section 7.4. For d = 0, the geodesics are the straight
lines of R"?, and for d = n — 1 (hyperplanes) the geodesic connecting L1, L,
corresponds to a rotation about the axis L; N Ly.

8 Concluding remarks

In recent years, quite a number of results concerning the convergence and
smoothness of subdivision rules which apply to dense enough data have
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been obtained by the method of proximity (where [15] is a prototype). In
contrast to this, convergence for all input data has not been explored to a
great extent so far. In fact a more detailed analysis in the spirit of Theorem
5 as well as the obvious extensions to the multivariate case are the topic of
a forthcoming paper.
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